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HARDY-LITTLEWOOD INEQUALITIES ON COMPACT
QUANTUM GROUPS OF KAC TYPE
SANG-GYUN YOUN
Abstract. The Hardy-Littlewood inequality on T compares the Lp-norm of a
function with a weighted ℓp-norm of its Fourier coefficients. The approach has
recently been studied for compact homogeneous spaces and we study a natu-
ral analogue in the framework of compact quantum groups. Especially, in the
case of the reduced group C∗-algebras and free quantum groups, we establish
explicit Lp − ℓp inequalities through inherent information of underlying quan-
tum group, such as growth rate and rapid decay property. Moreover, we show
sharpness of the inequalities in a large class, including C(G) with compact
Lie group, C∗r (G) with polynomially growing discrete group and free quantum
groups O+
N
, S+
N
.
1. Introduction
Hardy and Littlewood [14] showed that, for each 1 < p ≤ 2, there exists a
constant Cp such that
(1.1) (
∑
n∈Z
1
(1 + |n|)2−p |f̂(n)|
p)
1
p ≤ Cp||f ∼
∑
n∈Z
f̂(n)zn||Lp(T) for all f ∈ Lp(T).
This implies that the multiplier Fw : Lp(T) → lp(Z), f 7→ (w(n)f̂ (n))n∈Z, with
w(n) :=
1
(1 + |n|) 2−pp
is bounded. Moreover, this is a stronger form of the Sobolev
embedding theorem
H
1
p
− 1
q
p (T) ⊆ Lq(T), ∀1 < p < q <∞,
where Hsp(T) :=
{
f ∈ Lp(T) : (1 −∆) s2 (f) ∈ Lp(T)} is the Bessel potential space.
“The Hardy-Littlewood inequality (1.1)” had been studied for compact abelian
groups by Hewitt and Ross [15], and was recently extended to compact homogeneous
manifolds by Akylzhanov, Nursultanov and Ruzhansky [[1] and [2]]. For compact
Lie groups G with the real dimension n, the result of [2] is written as follows: For
each 1 < p ≤ 2, there exists a constant Cp > 0 such that
(1.2) (
∑
π∈Ĝ
1
(1 + κπ)
n(2−p)
2
n
2− p2
π ||f̂(π)||pHS)
1
p ≤ Cp||f ||Lp(G) for all f ∈ Lp(G).
Here, Ĝ denotes a maximal family of mutually inequivalent irreducible unitary
representations of G, ||A||HS := tr(A∗A) 12 and the Laplacian operator ∆ on G
satisfies ∆ : πi,j 7→ −κππi,j for all π = (πi,j)1≤i,j≤npi ∈ Ĝ and all 1 ≤ i, j ≤ nπ.
The above inequality (1.2) can be reduced to a more familiar form whose left
hand side is a natural weighted ℓp-norm of its Fourier coefficients:
(
∑
π∈Ĝ
1
(1 + κπ)
n(2−p)
2
nπ||f̂(π)||pSpnpi )
1
p ≤ Cp||f ||Lp(G).(1.3)
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A notable point is that “the Hardy-Littlewood inequalities on compact Lie groups
(1.2)” are determined by inherent geometric information, namely the real dimension
and the natural length function on Ĝ. Indeed, π 7→ √κπ is equivalent to the natural
length || · || on Ĝ (See Remark 6.1).
The main purpose of this paper is to establish new Hardy-Littlewood inequal-
ities on compact quantum groups of Kac type through geometric information of
underlying quantum groups. As a part of efforts, we will present some explicit
inequalities in important examples. The reduced group C∗-algebras C∗r (G) with
discrete groups G, the free orthogonal quantum groups O+N and the free permu-
tation quantum groups S+N are the main targets. Of course, non-commutative L
p
analysis on quantum groups is widely studied from various perspectives ([7], [9],
[16], [17] and [26]). For details of operator algebraic approach to quantum group
itself, see [19], [20], [24] and [30].
To clarify our intention, let us show the main results of this article on “compact
matrix quantum groups” which admit the natural length function | · | : Irr(G) →
{0} ∪ N (See Definition 3.3 and Proposition 3.4). The following inequalities are
determined by inherent information of underlying quantum group, namely growth
rate and rapid decay property.
Theorem 1.1. Let G be a compact matrix quantum group of Kac type and denote
by | · | the natural length function on Irr(G).
(1) Let G have a polynomial growth with
∑
α∈Irr(G):|α|≤k
n2α ≤ (1+k)γ and γ > 0.
Then, for each 1 < p ≤ 2, there exists a universal constant K = K(p) such
that
(
∑
α∈Irr(G)
1
(1 + |α|)(2−p)γ nα||f̂(α)||
p
S
p
nα
)
1
p(1.4)
≤(
∑
α∈Irr(G)
1
(1 + |α|)(2−p)γ n
2− p2
α ||f̂(α)||pHS)
1
p ≤ K||f ||Lp(G)
for all f ∼
∑
α∈Irr(G)
nαtr(f̂(α)u
α) ∈ Lp(G).
(2) Let G have the rapid decay property with universal constants C, β > 0 such
that
||f ||L∞(G) ≤ C(1 + k)β ||f ||L2(G)
for all f ∈ span({uαi,j : |α| = k, 1 ≤ i, j ≤ nα}). Define sk := ∑
α∈Irr(G):|α|=k
n2α.
Then, for each 1 < p ≤ 2, there exists a universal constant K = K(p) such
that
(
∑
k≥0
∑
α∈Irr(G):|α|=k
1
s
(2−p)
2
k (1 + k)
(2−p)(β+1)
nα||f̂(α)||pSpnα )
1
p(1.5)
≤(
∑
k≥0
1
(1 + k)(2−p)(β+1)
(
∑
α∈Irr(G):|α|=k
nα||f̂(α)||2HS)
p
2 )
1
p ≤ K||f ||Lp(G)
for all f ∼
∑
α∈Irr(G)
nαtr(f̂(α)u
α) ∈ Lp(G).
In particular, it was known that the rapid decay property of FN can be strength-
ened in general holomorphic setting [18]. The improved result is called the strong
Haagerup inequality. Based on this data, we can improve the Hardy-Littlewood
inequality for C∗r (FN ) by focusing our attention on holomorphic forms. Theorem
2
5.3 justifies the claim and it seems appropriate to call the improved one “strong
Hardy-Littlewood inequality”.
A natural view of the Hardy-Littlewood inequalities on compact Lie groups is
that a properly chosen weight function w : Ĝ → (0,∞) makes the corresponding
multiplier
Fw : Lp(G)→ ℓp(Ĝ) given by f 7→ (w(π)f̂ (π))π∈Ĝ
be bounded for each 1 < p ≤ 2. Indeed, newly derived Hardy-Littlewood inequali-
ties on compact quantum groups will give a decay pair (r, s) whose corresponding
multiplier Fwr,s is bounded, where wr,s(α) :=
1
r|α|(1 + |α|)s . Moreover, in Section
6, we will show that there is no slower decay pair such that Fr,s is bounded when G
is one of the followings: C(G) with compact Lie groups, C∗r (G) with polynomially
growing discrete group and free quantum groups O+N , S
+
N . See Theorem 6.6.
This approach is quite natural because it is strongly related to Sobolev embedding
properties. Indeed, for the case G = Td, Fw0,s : Lp(Td)→ lp(Zd) is bounded if and
only if
H
ps
2−p (
1
q
− 1
r
)
q (T
d) ⊆ Lr(Td) ∀1 < q < r <∞,
where Hsp(T
d) is the Bessel potential space.
Lastly, in Section 7, we present some remarks that are by-products of this re-
search. We show that most of free quantum groups do not admit an infinite (central)
sidon set, and also give a Sobolev embedding theorem type interpretation of our
results for C(G) with compact Lie group and C∗r (G) with polynomially growing
discrete group G. Also, we present an explicit inequality on quantum torus Tdθ .
2. Preliminaries
2.1. Compact quantum groups. A compact quantum group G is given by a
unital C∗-algebra A and a unital ∗-homomorphism ∆ : A→ A⊗min A satisfying
(1) (∆⊗ id) ◦∆ = (id⊗∆) ◦∆;
(2) span {∆(a)(b ⊗ 1A) : a, b ∈ A} , span {∆(a)(1A ⊗ b) : a, b ∈ A} are dense in A.
Every compact quantum group admits the unique Haar state h on A such that
(h⊗ id)(∆(x)) = h(x)1A = (id⊗ h)(∆(x)) for all x ∈ A.
A finite dimensional corepresentation ofG is given by an element u = (ui,j)1≤i,j≤n ∈
Mn(A) such that ∆(ui,j) =
n∑
k=1
ui,k ⊗ uk,j for all 1 ≤ i, j ≤ n. We say that the
corepresentation u is unitary if u∗u = uu∗ = Idn ⊗ 1A ∈ Mn(A) and irreducible if
{X ∈Mn : Xu = uX} = C · Idn where Idn is the identity matrix in Mn.
Let
{
uα = (uαi,j)1≤i,j≤nα
}
α∈Irr(G) be a maximal family of mutually inequivalent
finite dimensional unitary irreducible corepresentations of G. It is well known that,
for each α ∈ Irr(G), there is a unique positive invertible matrix Qα ∈ Mnα such
that tr(Qα) = tr(Q
−1
α ) and
h((uβs,t)
∗uαi,j) =
δα,βδj,t(Q
−1
α )i,s
tr(Qα)
, ∀α, β ∈ Irr(G), 1 ≤ i, j ≤ nα, 1 ≤ s, t ≤ nβ ,
h(uβs,t(u
α
i,j)
∗) =
δα,βδi,s(Qα)j,t
tr(Qα)
, ∀α, β ∈ Irr(G), 1 ≤ i, j ≤ nα, 1 ≤ s, t ≤ nβ .
We say that G is of Kac type if Qα = Idnα ∈ Mnα for all α ∈ Irr(G). In this
case, the Haar state h is tracial.
Lastly, we define Cr(G) as the image of A in the GNS representation of the Haar
state h and L∞(G) := Cr(G)′′. The Haar state h has a normal faithful extension
to L∞(G).
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2.2. Non-commutative Lp-spaces. Let M be a von Neumann algebra with a
normal faithful tracial state ϕ. Note that the von Neumann algebra M admits
the unique predual M∗. We define L1(M,ϕ) := M∗ and L∞(M,ϕ) := M, then
consider a contractive injection j : M → M∗, given by [j(x)](y) := h(yx) for all
y ∈M. The map j has dense range.
Now (M,M∗) is a compatible pair of Banach spaces and we can define non-
commutative Lp-space Lp(M, ϕ) := (M,M∗) 1
p
for all 1 < p < ∞, where (·, ·) 1
p
is
the complex interpolation space. For any x ∈ L∞(M, ϕ), its Lp-norm is given by
||x||Lp(M,ϕ) = ϕ(|x|p)
1
p for all 1 ≤ p <∞.
In particular, for all 1 ≤ p ≤ ∞, we denote by Lp(G) the non-commutative
Lp-space associated to the von Neumann algebra L∞(G) of a Kac type compact
quantum group G and the tracial Haar state h. Then the space of polynomials
Pol(G) := span(
{
uαi,j : α ∈ Irr(G), 1 ≤ i, j ≤ nα
}
)
is dense in Cr(G) and L
p(G) for all 1 ≤ p <∞.
Under the assumption that G is of Kac type, for 1 ≤ p <∞,
ℓp(Ĝ) :=
(Aα)α∈Irr(G) ∈ ∏
α∈Irr(G)
Mnα :
∑
α∈Irr(G)
nαtr(|Aα|p) <∞

and the natural ℓp-norm of (Aα)α∈Irr(G) ∈ ℓp(Ĝ) is defined by
||(Aα)α∈Irr(G)||ℓp(Ĝ) := (
∑
α∈Irr(G)
nαtr(|Aα|p))
1
p = (
∑
α∈Irr(G)
nα||Aα||pSpnα )
1
p .
Also,
ℓ∞(Ĝ) :=
(Aα)α∈Irr(G) ∈ ∏
α∈Irr(G)
Mnα : sup
α∈Irr(G)
||Aα|| <∞

and the ℓ∞-norm of (Aα)α∈Irr(G) ∈ ℓ∞(Ĝ) is defined by
||(Aα)α∈Irr(G)||ℓ∞(Ĝ) := sup
α∈Irr(G)
||Aα||.
It is known that ℓ1(Ĝ) = (ℓ∞(Ĝ))∗ and ℓp(Ĝ) = (ℓ∞(Ĝ), ℓ1(Ĝ)) 1
p
for all 1 < p <
∞.
2.3. Fourier analysis on compact quantum groups. For a compact quantum
group G, the Fourier transform F : L1(G)→ ℓ∞(Ĝ), ψ 7→ ψ̂, is defined by
(ψ̂(α))i,j := ψ((u
α
j,i)
∗) for all α ∈ Irr(G), 1 ≤ i, j ≤ nα.
It is also known that F is an injective contractive map and it is an isometry
from L2(G) onto l2(Ĝ) ([26], Proposition 3.1 and 3.2). Then, by the interpolation
theorem, we induce the Hausdorff-Young inequality again, i.e. F is a contractive
map from Lp(G) into lp
′
(Ĝ) for each 1 ≤ p ≤ 2, where p′ is the conjugate of p.
2.4. The reduced group C∗-algebras. The reduced group C∗-algebra C∗r (G),
can be defined for all locally compact groups, but we only consider discrete groups
in this paper since we want to understand it as a compact quantum group.
Definition 2.1. Let G be a discrete group and define λg ∈ B(l2(G)) for each g ∈ G
by
[(λg)(f)](x) := f(g
−1x) for all x ∈ G.
Then the reduced group C∗-algebra, C∗r (G), is defined as the norm-closure of the
space span({λg : g ∈ G}) in B(l2(G)). Moreover, if we define a comultiplication
∆ : C∗r (G) → C∗r (G) ⊗min C∗r (G) by λg 7→ λg ⊗ λg for all g ∈ G, then (C∗r (G),∆)
forms a compact quantum group.
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Note that, for G = (C∗r (G),∆) of a discrete group G, L
∞(G) is nothing but the
group von Neumann algebra V N(G) and Irr(G) = {λg}g∈G is identified with G.
2.5. Free quantum groups of Kac type.
Definition 2.2. (Free orthogonal quantum group [28])
Let N ≥ 2 and A be the universal unital C∗-algebra which is generated by the N2
self-adjoint elements ui,j with 1 ≤ i, j ≤ N satisfying the relations:
N∑
k=1
uk,iuk,j =
N∑
k=1
ui,kuj,k = δi,j for all 1 ≤ i, j ≤ N.
Also, we define a comultiplication ∆ : A → A ⊗min A by ui,j 7→
N∑
k=1
ui,k ⊗ uk,j.
Then (A,∆) forms a compact quantum group called the Free orthogonal quantum
group. We denote it by O+N .
Definition 2.3. (Free permutation quantum group [29])
Let N ≥ 2 and A be the universal unital C∗-algebra which is generated by the N2
self-adjoint elements ui,j with 1 ≤ i, j ≤ N satisfying the relations:
u2i,j = ui,j = u
∗
i,j and
N∑
k=1
ui,k =
N∑
k=1
uk,j = 1A for all 1 ≤ i, j ≤ N.
Also, we define a comultiplication ∆ : A → A ⊗min A by ui,j 7→
N∑
k=1
ui,k ⊗ uk,j.
Then (A,∆) forms a compact quantum group called the Free permutation quantum
group. We denote it by S+N .
These free quantum groups are of Kac type, so that the Haar states are tracial
states. Also, for all N ≥ 2, Irr(O+N ) and Irr(S+N+2) can be identified with {0} ∪ N.
Moreover,
nk =
 k + 1 if G = O
+
2 or S
+
4
r0
2r0−N r
k+1
0 +
N−r0
2r0−N (N − r0)k+1 if G = O
+
N or SN+2 with N ≥ 3
where r0 is the largest solution of the equation X
2−NX+1 = 0. Note that nk ≈ rk0
if N ≥ 3.
2.6. The noncommutative Marcinkiewicz interpolation theorem. The clas-
sical Marcinkiewicz interpolation theorem has a natural non-commutative analogue
for semi-finite von Neumann algebras.
Theorem 2.4. (The non-commutative Marcinkiewicz interpolation theorem [32])
Let M be equipped with a normal semifinite faithful trace φ and 1 ≤ p1 < p <
p2 < ∞. Assume that a sub-linear map A : M → L1(N) satisfies the following:
There exists C1, C2 > 0 such that for any T1 ∈ Lp1(M), T2 ∈ Lp2(M) and for any
y > 0,
(2.1) φ(1(y,∞)(|AT1|)) ≤ (
C1
y
)p1 ||T1||p1Lp1(M),
φ(1(y,∞)(|AT2|)) ≤ (
C2
y
)p2 ||T2||p2Lp2(M).
Then A : Lp(M)→ Lp(N) is a bounded map.
Proof. The proof of [Theorem 1.22, [32]] is still valid under a natural modification.
Also, the direct sum K := M ⊕ N and natural extension A˜ : K → L1(K) gives
another proof. 
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If the sub-linear operator A satisfies the inequality (2.1), then we say that A is
of weak type (p1, p1). Also, the boundedness of A : L
p(M)→ lp(N) implies that A
is of weak type (p, p).
Now denote by c(Irr(G), ν) the space of all functions on the discrete space Irr(G)
with a positive measure ν. Then the above theorem is written as follows:
Corollary 2.5. Let G be a Kac type compact quantum group and let 1 ≤ p1 <
p < p2 < ∞. Assume that A : L∞(G)→ c(Irr(G), ν) is sub-linear and satisfies the
following: There exists C1, C2 > 0 such that for any T1 ∈ Lp1(G), T2 ∈ Lp2(G) and
for any y > 0, ∑
α: |(AT1)(α)|≥y
ν(α) ≤ (C1
y
)p1 ||T1||p1Lp1(G),
∑
α: |(AT2)(α)|≥y
ν(α) ≤ (C2
y
)p2 ||T2||p2Lp2(G).
Then A : Lp(G)→ ℓp(Irr(G), ν) is a bounded map.
3. Paley-type inequalities
3.1. General Approach. In this subsection, we derive a Paley-type inequality for
Kac type compact quantum group G via fundamental techniques such as Hausdorff-
Young inequality, Plancherel theorem and the non-commutative Marcinkiewicz in-
terpolation theorem.
We prove the following theorem by adapting techniques used in [2].
Theorem 3.1. Let G be a Kac type compact quantum group and let w : Irr(G)→
(0,∞) be a function such that Cw := sup
t>0
t · ∑
α: w(α)≥t
n2α
 < ∞. Then, for each
1 < p ≤ 2, there exists a universal constant K = K(p) > 0 such that
(3.1) (
∑
α∈Irr(G)
w(α)2−pn2−
p
2
α ||f̂(α)||pHS)
1
p ≤ K||f ||Lp(G)
for all f ∼
∑
α∈Irr(G)
nαtr(f̂(α)u
α) ∈ Lp(G).
Proof. Put ν(α) := w(α)2n2α. We will show that the sub-linear operator A :
L1(G) → c(Irr(G), ν), f 7→ ( ||f̂(α)||HS√
nαw(α)
)α∈Irr(G), is a well-defined bounded map
from Lp(G) into ℓp(Irr(G), ν) for all 1 < p ≤ 2.
First,
∑
α∈Irr(G)
||(Af)(α)||2HSν(α) =
∑
α∈Irr(G)
nα||f̂(α)||2HS = ||f ||2L2(G).
This implies that A is of (strong) type (2, 2) with C2 = 1.
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Second, for all y > 0, since
||f̂(α)||HS√
nα
= (
tr(f̂(α)∗f̂(α))
nα
)
1
2 ≤ ||f̂(α)|| ≤ ||f ||L1(G),∑
α: ||Af(α)||HS≥y
ν(α) ≤
∑
α: w(α)≤ ||f||1
y
w(α)2n2α
=
∑
α: w(α)≤ ||f||1
y
∫ w(α)2
0
n2αdx
=
∫ ( ||f||1
y
)2
0
[
∑
x
1
2≤w(α)≤ ||f||1
y
n2α]dx by the Fubini theorem
= 2
∫ ||f||1
y
0
t(
∑
α: t≤w(α)≤ ||f||1
y
n2α)dt by substituting x to t
2
≤ 2Cw ||f ||1
y
.
This says that A is of weak type (1, 1) with C1 = 2Cw.
Now, by Corollary 2.5,
[
∑
α∈Irr(G)
w(α)2−pn
p( 2
p
− 12 )
α ||f̂(α)||pHS ]
1
p . ||f ||Lp(G).

The left hand side of the inequality (3.1) can be reduced to a more familiar form.
Recall that the natural non-commutative ℓp-norm on ℓ∞(Ĝ) = ℓ∞ −⊕α∈Irr(G)Mnα
is given by
||(Aα)α∈Irr(G)||ℓp(Ĝ) = (
∑
α∈Irr(G)
nα||Aα||pSpnα )
1
p
under the condition that G is of Kac type.
Corollary 3.2. Let 1 < p ≤ 2 and w be a function satisfying the condition of
Theorem 3.1. Then we have that
(
∑
α∈Irr(G)
w(α)2−pnα||f̂(α)||pSpnα ))
1
p ≤ K||f ||Lp(G)
for all f ∼
∑
α∈Irr(G)
nαtr(f̂(α)u
α) ∈ Lp(G).
Proof. First,
tr(|f̂(α)|p) = ||f̂(α)||p
S
p
nα
.
Put
1
r
=
1
p
− 1
2
. Then 2 < r ≤ ∞ and
tr(|f̂(α)|p) ≤ ||f̂(α)||pHS ||Idnα ||pSrnα = n
1− p2
α ||f̂(α)||pHS .
This completes proof easily. 
Now we discuss an important subclass of compact quantum groups, namely com-
pact matrix quantum groups which allows the natural length function on Irr(G).
Definition 3.3. A compact matrix quantum group is given by a pair (A,∆, u) with
a unital C∗-algebra A, a ∗-homomorphism ∆ : A → A ⊗min A and a unitary u =
7
(ui,j)1≤i,j≤n ∈Mn(A) such that (1) ∆ : ui,j 7→
n∑
k=1
ui,k⊗uk,j, (2) u = (u∗i,j)1≤i,j≤n
is invertible in Mn(A) and (3) {ui,j}1≤i,j≤n generates A as a C∗-algebra.
By definition, free orthogonal quantum groupsO+N and free permutation quantum
groups S+N are compact matrix quantum groups. Also, in the class of compact
quantum groups, the subclass of compact matrix quantum groups is characterized
by the following proposition. The conjugate α ∈ Irr(G) of α ∈ Irr(G) is determined
by uα := Q
1
2
αuαQ
− 12
α = ((Qα)
1
2
i,i(u
α
i,j)
∗(Qα)
− 12
j,j )1≤i,j≤nα .
Proposition 3.4. ([24])
A compact quantum group is a compact matrix quantum group if and only if
there exists a finite set S := {α1, · · · , αn} ⊆ Irr(G) such that any α ∈ Irr(G) is
contained in some iterated tensor product of elements α1, α1, · · · , αn, αn and the
trivial corepresentation.
Then there is a natural way to define a length function on Irr(G) ([25]). For
non-trivial α ∈ Irr(G), the natural length |α| is defined by
min {m ∈ {0} ∪N : ∃β1, · · · , βm such that α ⊆ β1 ⊗ · · · ⊗ βm, βj ∈ {αk, αk}nk=1} .
The length of the trivial corepresentation is defined by 0.
Then we can extract explicit inequalities from Theorem 3.1 and Corollary 3.2 by
inserting geometric information of underlying quantum group, namely growth rate
that is estimated by the quantities bk :=
∑
|α|≤k
n2α [6].
Corollary 3.5. Let a Kac type compact matrix quantum group G satisfy
bk =
∑
α∈Irr(G):|α|≤k
n2α ≤ C(1 + k)γ for all k ≥ 0 with C, γ > 0
with respect to the natural length function. Then, for each 1 < p ≤ 2, there exists a
universal constant K = K(p) such that
(
∑
α∈Irr(G)
1
(1 + |α|)(2−p)γ nα||f̂(α)||
p
S
p
nα
)
1
p(3.2)
≤(
∑
α∈Irr(G)
1
(1 + |α|)(2−p)γ n
2− p2
α ||f̂(α)||pHS)
1
p ≤ K||f ||Lp(G)
for all f ∼
∑
α∈Irr(G)
nαtr(f̂(α)u
α) ∈ Lp(G).
Proof. Consider a weight function w(α) :=
1
(1 + |α|)γ . Then
sup
t>0
t ·
∑
α:|α|≤t−
1
γ −1
n2α
 = sup0<t≤1
t ·
∑
α:|α|≤t−
1
γ −1
n2α
 ≤ C sup0<t≤1 t · (t− 1γ )γ = C.
Now the conclusion is obtained by Theorem 3.1 and Proposition 3.2.

3.2. A paley-type inequality under the rapid decay property. In this sub-
section, we still assume that G is a compact matrix quantum group of Kac type.
One of the main observations of this paper is that the more detailed geometric infor-
mation actually improves Theorem 3.1 and Corollary 3.2 in various “exponentially
growing” cases. A more refined paley-type inequality can be obtained under the
condition that G has the rapid decay property in the sense of [25].
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Definition 3.6. ([25])
Let G be a Kac type compact matrix quantum group. Then we say that G has the
rapid decay property with respect to the natural length function on Irr(G) if there
exist C, β > 0 such that
(3.3)
||
∑
α∈Irr(G):|α|=k
nα∑
i,j=1
aαi,ju
α
i,j||L∞(G) ≤ C(1 + k)β ||
∑
α∈Irr(G):|α|=k
nα∑
i,j=1
aαi,ju
α
i,j ||L2(G)
for any k ≥ 0 and scalars aαi,j ∈ C.
Notation 1. (1) When the natural length function on Irr(G) is given, we will
use the notations Sk := {α ∈ Irr(G) : |α| = k} and sk :=
∑
α∈Sk n
2
α.
(2) We denote by pk the orthogonal projection from L
2(G) to the clousre of
span(
{
uαi,j : α ∈ Sk, 1 ≤ i, j ≤ nα
}
).
Proposition 3.7. Suppose that a Kac type compact matrix quantum group G has
the rapid decay property with respect to the natural length function on Irr(G) and
with inequality (3.3). Then we have that
(3.4) sup
k≥0
(
∑
α∈Irr(G):|α|=k nα||f̂(α)||2HS)
1
2
(k + 1)β
≤ C||f ||L1(G) for all f ∈ L1(G).
Proof. Since L1(G) is isometrically embedded into the dual space M(G) := Cr(G)
∗
and Pol(G) is dense in Cr(G), we have that
||f ||L1(G) = sup
x∈Pol(G):||x||L∞(G)≤1
〈f, x〉L1(G),L∞(G)
= sup
x∈Pol(G):||x||L∞(G)≤1
〈f, x∗〉L1(G),L∞(G)
= sup
x∈Pol(G):||x||L∞(G)≤1
∑
α∈Irr(G)
nαtr(f̂(α)x̂(α)
∗)
≥ sup
x∈Pol(G):∑k≥0 C(k+1)β(
∑
α:|α|=k nα||x̂(α)||2HS)
1
2≤1
∑
α∈Irr(G)
nαtr(f̂(α)x̂(α)
∗)(3.5)
≥ sup
k≥0
sup
(
∑
α:|α|=k nα||x̂(α)||2HS)
1
2≤1
∑
α∈Irr(G):|α|=k
nα
C(k + 1)β
tr(f̂(α)x̂(α)∗)
= sup
k≥0
(
∑
α∈Irr(G):|α|=k nα||f̂(α)||2HS)
1
2
C(k + 1)β
.

Theorem 3.8. Let a Kac type compact matrix quantum group G have the rapid de-
cay property with respect to the natural length function on Irr(G) and with inequality
(3.3). Also, suppose that a weight function w : {0} ∪ N→ (0,∞) satisfies
(3.6) Cw := sup
y>0
y ·
∑
k≥0: (k+1)β
w(k)
≤ 1
y
(k + 1)2β
 <∞.
Then, for each 1 < p ≤ 2, there exists a universal constant K = K(p) > 0 such that
(3.7) (
∑
k≥0
w(k)2−p(
∑
α∈Irr(G):|α|=k
nα||f̂(α)||2HS)
p
2 )
1
p ≤ K||f ||Lp(G)
for all f ∼
∑
α∈Irr(G)
nαtr(f̂(α)u
α) ∈ Lp(G).
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Proof. Put ν(k) := w(k)2. We will show that the sub-linear operator A : L1(G)→
c({0} ∪ N, ν), f 7→ ( ||pk(f)||L2(G)
w(k)
)k≥0, is a well-defined bounded map from Lp(G)
into lp({0} ∪ N, ν) for all 1 < p ≤ 2.
Firstly,
∑
k≥0
(
||pk(f)||L2(G)
w(k)
)2ν(k) =
∑
k≥0
||pk(f)||2L2(G) = ||f ||2L2(G).
Therefore, A is of (weak) type (2, 2) with C2 = 1.
Secondly, for all y > 0,
∑
k≥0:(Af)(k)>y
ν(k) ≤
∑
k: w(k)
(k+1)β
<
C||f||
L1(G)
y
w(k)2 by Proposition 3.7.
Now put w˜(k) :=
w(k)
(k + 1)β
. Then
=
∑
k:w˜(k)<
C||f||
L1(G)
y
∫ w˜(k)2
0
(k + 1)2βdx
≤
∫ (C||f||L1(G)
y
)2
0
∑
k:
√
x≤w˜(k)
(k + 1)2βdx
= 2
∫ C||f||L1(G)
y
0
t ·
∑
k:t≤w˜(k)
(k + 1)2βdt by substituting x = t2
≤ 2CwC||f ||L1(G)
y
.
Therefore, by Corollary 2.5, we obtain that
(
∑
k≥0
w(k)2−p||pk(f)||pL2(G))
1
p . ||f ||Lp(G).

Corollary 3.9. Let a Kac type compact matrix quantum group G have the rapid de-
cay property with respect to the natural length function on Irr(G) and with inequality
(3.3). Then, for each 1 < p ≤ 2, there exists a universal constant K = K(p) > 0
such that
(3.8) (
∑
k≥0
1
(1 + k)(2−p)(β+1)
(
∑
α∈Irr(G):|α|=k
nα||f̂(α)||2HS)
p
2 )
1
p ≤ K||f ||Lp(G)
for all f ∼
∑
α∈Irr(G)
nαtr(f̂(α)u
α) ∈ Lp(G).
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Proof. Take w(k) :=
1
(1 + k)β+1
and E = Irr(G). Then
Cw = sup
y>0
y · ∑
k≥0:(1+k)2β+1≤ 1
y
(1 + k)2β

≤ sup
0<y≤1
y ·
∫ ( 1
y
)
1
2β+1 +1
1
t2βdt

≤ sup
0<y≤1
{
y ·
(2 · ( 1
y
)
1
2β+1 )2β+1
2β + 1
}
=
2β+1
2β + 1
<∞.

Corollary 3.10. Let a Kac type compact matrix quantum group G have the rapid
decay property with respect to the natural length function on Irr(G) and with inequal-
ity (3.3). Then, for each 1 < p ≤ 2, there exists a universal constant K = K(p) > 0
such that
(3.9)
(
∑
k≥0
∑
α∈Irr(G):|α|=k
1
(1 + |α|)(2−p)(β+1)(∑β∈Sk n2β) 2−p2 nα||f̂(α)||pSpnα )
1
p ≤ K||f ||Lp(G)
for all f ∼
∑
α∈Irr(G)
nαtr(f̂(α)u
α) ∈ Lp(G).
Proof. Since
1
p
=
1
2
+
2− p
2p
and n
− 1
p
α ||f̂(α)||Spnα ≤ n
− 12
α ||f̂(α)||HS , we have that∑
α∈Sk
nα||f̂(α)||pSpnα ≤
∑
α∈Sk
n
2−p2
α ||f̂(α)||pHS
= ||(n
1
2
α ||f̂(α)||HS · n
2
p
−1
α )α∈Sk ||pℓp(Sk)
≤ ||(n
1
2
α ||f̂(α)||HS)α∈Sk ||pℓ2(Sk) · (
∑
α∈Sk
n2α)
2−p
2
= (
∑
α∈Sk
n2α)
2−p
2 · (
∑
α∈Sk
nα||f̂(α)||2HS)
p
2 .
Then we obtain the conclusion. 
4. Hardy-Littlewood inequalities
This section is devoted to establish explicit Hardy-Littlewood inequalities for the
main targets: the reduced group C∗-algebras C∗r (G) with finitely generated discrete
groupG, free orthogonal quantum groups O+N and free permutation quantum groups
S+N .
4.1. The reduced group C∗-algebras C∗r (G). In this subsection, we treat finitely
generated discrete groups G. As expected, we found clear evidence that the geo-
metric information of the underlying group is of significant importance for under-
standing non-commutative Lp-spaces Lp(V N(G)).
Definition 4.1. A discrete group with a fixed finite symmetric generating set S is
said to be polynomially growing if there exist C > 0 and k > 0 such that
# {g ∈ G : |g| ≤ n} ≤ C(1 + n)k for all n ≥ 0.
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In this case, the polynomial growth rate k0 is defined as the minimum of such k.
Then k0 becomes a natural number and is independent of the choice of generating
set S.
Theorem 4.2. (1) Let G be a finitely generated discrete group, which has the
polynomial growth rate k0. Then, for each 1 < p ≤ 2, there exists a universal
constant K = K(p) such that
(4.1) (
∑
g∈G
1
(1 + |g|)(2−p)k0 |f(g)|
p)
1
p ≤ K||λ(f)||Lp(V N(G))
for all λ(f) ∼
∑
g∈G
f(g)λg ∈ Lp(V N(G)).
(2) Let G be a finitely generated discrete group with
bk = # {g ∈ G : |g|S ≤ k} ≤ Crk for all k ≥ 0,
where | · |S is the natural length function with respect to a finite symmetric
generating set S. Then, for each 1 < p ≤ 2, there exists a universal constant
K = K(p, S) > 0 such that
(4.2) (
∑
g∈G
1
r(2−p)|g|
|f(g)|p) 1p ≤ K||λ(f)||Lp(V N(G))
for all λ(f) ∼
∑
g∈G
f(g)λg ∈ Lp(V N(G)).
Proof. (1) Clear from Corollary 3.5.
(2) Consider w(g) :=
1
r|g|
. Then
sup
t>0
t · ∑
|g|≤logr( 1t )
1
 = sup0<t≤1
t · ∑
|g|≤logr( 1t )
1
 ≤ C.
Then the conclusion follows from Theorem 3.1 
Remark 4.3. (1) For every finitely generated discrete group, there exist C, r >
0 such that bk ≤ Crk for all k ≥ 0 by the Fekete’s subadditivity lemma.
Therefore, Theorem 4.2 covers all finitely generated discrete group.
(2) In fact, the inequality (4.1) is sharp by Theorem 6.6.
Although we can always find inequality (4.2) for every finitely generated discrete
group, we can get a much better result by adding more detailed geometric infor-
mation of underlying group. Indeed, if we assume hyperbolicity of group, then the
inequality is considerably improved.
Theorem 4.4. Let G be any non-elementary word hyperbolic group with bk ≤ Crk
for all k ≥ 0 with respect to a finite symmetric generating set S. Then, for each
1 < p ≤ 2, there exists a universal constant K = K(S, p) such that
(
∑
g∈G
1
r
(2−p)|g|
2 (1 + |g|)4−2p
|f(g)|p) 1p ≤ (
∑
k≥0
1
(k + 1)4−2p
(
∑
g∈G:|g|=k
|f(g)|2) p2 ) 1p(4.3)
≤ K||λ(f)||Lp(V N(G)).
for all λ(f) ∼
∑
g∈G
f(g)λg ∈ Lp(V N(G)).
Proof. The conclusion follows from Corollary 3.10 and [13]. 
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4.2. Free quantum groups. Let us begin the investigation of ‘genuine’ quantum
examples: Free orthogonal quantum groups O+N and free permutation quantum
groups S+N+2. Moreover, the Hardy-Littlewood inequality for O
+
N becomes an equiv-
alence under centrality, positivity, monotonic decrease and a non-oscillation type
condition of Fourier coefficients, as for the result for SU(2) [Theorem 2.10 [2]]. This
is considered as a way to prove sharpness of Hardy-Littlewood inequalities.
Theorem 4.5. (1) Let G be the free orthogonal quantum group O+2 or the free
permutation quantum group S+4 . Then, for each 1 < p ≤ 2, there exists a
universal constant K = K(p) such that
(4.4)
(
∑
k≥0
1
(1 + k)6−3p
nk||f̂(k)||pSp
k+1
)
1
p ≤ (
∑
k≥0
1
(1 + k)6−3p
n
2− p2
k ||f̂(k)||pHS)
1
p ≤ K||f ||Lp(G)
for all f ∼
∑
k≥0
nktr(f̂(k)u
k) ∈ Lp(G).
(2) Let G be a free orthogonal quantum group O+N or a free permutation quantum
group S+N+2 with N ≥ 3. Then, for each 1 < p ≤ 2, there exists a universal
constant K = K(p) such that
(
∑
k≥0
1
r
(2−p)k
0 (1 + k)
4−2p
nk||f̂(k)||pSpnk )
1
p ≤ (
∑
k≥0
1
r
(2−p)k
0 (1 + k)
4−2p
n
2−p2
k ||f̂(k)||pHS)
1
p
(4.5)
≤ K||f ||Lp(G)
for all f ∼
∑
k≥0
nktr(f̂(k)u
k) ∈ Lp(G), where r0 = N +
√
N2 − 4
2
.
Proof. (1) In this case, nk = k + 1 for all k, so that the conclusion follows from
Corollary 3.5.
(2) It is known that free orthogonal quantum groupsO+N and free quantum groups
SN+2 with N ≥ 3 have the rapid decay property with β = 1 ([25] and [5]). Also,
sk = n
2
k ≈ r2k0 for all k ∈ {0} ∪ N. Therefore, Corollaries 3.9 and 3.10 complete
proof. 
Remark 4.6. All results of this paper for S+N can be extended to quantum auto-
morphism group Gaut(B,ψ) with a δ-trace ψ and dim(B) = N via the same proofs.
An important observation for the free orthogonal quantum groups O+N is that the
inequalities (4.4) and (4.5) become actually equivalences in a large class. Essentially,
this fact is based on the result for SU(2) [Theorem 2.10, [2]] and the following lemma
moves the result to O+N .
Lemma 4.7. Let G = O+N or S
+
N+2 with N ≥ 2 and consider G = SU(2) or SO(3)
for each cases. Then, for f ∼
∑
n≥0
cnχ
1
n ∈ Lp(G),
||f ||Lp(G) = ||Φ(f) ∼
∑
n≥0
cnχ
2
n||Lp(G) for all 1 ≤ p ≤ ∞.
Here, χ1n = tr(u
n) and χ2n = tr(v
n) where un and vn are the n-th irreducible unitary
representations of G and G respectively.
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Proof. In the above cases, it is known that G and G share the fusion rule. For
details, see [Proposition 6.7, [26]]. Now, for any x =
∑
k≥0
ckχ
1
k ∈ Pol(G) and m ∈ N,
h((x∗x)m) = h((
∑
k,l≥0
ckclχ
1
kχ
1
l )
m)
=
∑
k1,l1,··· ,km,lm≥0
ck1 · · · ckmcl1 · · · clmh(χ1k1χ1l1 · · ·χ1kmχ1lm)
=
∑
k1,l1,··· ,km,lm≥0
ck1 · · · ckmcl1 · · · clm
∫
G
χ2k1χ
2
l1
· · ·χ2kmχ2lm
=
∫
G
(
∑
k,l≥0
ckclχ
2
kχ
2
l )
m
=
∫
G
|x′|2m,
where x′ =
∑
k≥0
ckχ
2
k ∈ Pol(G). Then the Stone-Weistrass theorem completes this
proof. 
Corollary 4.8. Let N ≥ 2, 3
2
< p ≤ 2 and fix D > 0. Also, assume that f ∼∑
k≥0
ckχk ∈ L 32 (O+N ) satisfies
(4.6) ck ≥ ck+1 ≥ 0 and
∑
m≥k
cm
m+ 1
≤ D · ck for all k ≥ 0.
Then we have
||f ||Lp(O+N ) ≈ (
∑
k≥0
(1 + k)2p−4cpk)
1
p .(4.7)
5. A strong Hardy-Littlewood inequality
The studies of Hardy-Littlewood inequalities in [2], [14] and [15] deal with general
Lp-functions, but a plenty of classical results of harmonic analysis on T shows
that a theorem on a function space can have a stronger form when restricted to
“holomorphic” setting [18].
An evidnce on non-commutative setting is “the strong Haagerup inequality” on
the reduced group C∗-algebras C∗r (FN ). More precisely, it was shown that the rapid
decay property can be strengthen in general holomorphic setting [18].
Let g1, · · · , gN be canonical generators of FN and denote by F+N the the set
of elements of the form gi1gi2 · · · gim with m ∈ {0} ∪ N and 1 ≤ ik ≤ N for all
1 ≤ k ≤ m.
Theorem 5.1. (Strong Haagerup inequality for C∗r (FN ))
Consider a subset E := F+N and Ek := {g ∈ E : |g| = k}. Then, for any k ∈
{0} ∪ N, we have that
||
∑
g∈Ek
f(g)λg||C∗r (FN ) ≤
√
e
√
k + 1(
∑
g∈Ek
|f(g)|2) 12 .
Based on this information, we can modify the inequality (3.4) as follows.
Proposition 5.2. Let N ≥ 2. Then we have that
(5.1) ||f ||A(FN ) ≥
1√
e
sup
k≥0
(
∑
g∈Ek |f(g)|2)
1
2
(k + 1)
1
2
for all f ∈ A(FN ).
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Proof. We can repeat the proof of Proposition 3.7. The only difference is the im-
provement of (1 + k)β to (1 + k)
1
2 in inequality (3.5). Then we are able to get
conclusion by restricting support of x ∈ Cc(G) to F+N in the proof. 
Theorem 5.3. Let N ≥ 2. Then, for each 1 < p ≤ 2, there exists a universal
constant K = K(p) > 0 such that
(
∑
g∈FN
1
(1 + |g|) 32 (2−p)N (2−p)|g|2
|f(g)|p) 1p ≤ (
∑
k≥0
1
(1 + k)
3
2 (2−p)
(
∑
g∈FN :|g|=k
|f(g)|2) p2 ) 1p
(5.2)
≤ K||λ(f)||Lp(V N(FN))
for all λ(f) ∼
∑
g∈FN
f(g)λg ∈ Lp(V N(FN )) with supp(f) ⊆ F+N .
Proof. It can be also obtained by repeating the proof of Theorem 3.8 and Corollary
3.10. The only difference is to replace the operatorA with λ(f) 7→ ( ||f · χEk ||l2(G))
w(k)2
)k≥0
and (1+k)β with (1+k)
1
2 . Also, we choose a weight function w on {0}∪N by w(k) :=
1
(1 + k)
3
2
. Then we can derive new inequality for general λ(f) ∈ Lp(V N(FN )), but
our consideration is in the case supp(f) ⊆ F+N . 
6. Sharpness
The studied Hardy-Littlewood inequalities give a decay pair (r, s) such that the
multiplier
Fwr,s : Lp(G)→ ℓp(Ĝ), f 7→ (wr,s(α)f̂(α))α∈Irr(G),
is bounded for each cases, where wr,s(α) =
1
r|α|(1 + |α|)s with respect to the natural
length | · | on Irr(G). Here is the list: (0, n(2− p)
p
) for C(G) with compact Lie
group G, (0,
k0(2− p)
p
) for C∗r (G) with polynomially growing discrete group G,
(0,
3(2− p)
p
) for O+2 or S
+
4 and (r
2−p
p
0 ,
2(2− p)
p
) for O+N or SN+2 with N ≥ 3.
Remark 6.1. ([21] and [27]) If G is a compact Lie group, then
√
κπ is equivalent
to the natural length function || · ||S generated by the fundamental generating set S
of Ĝ. Equivalently, (1 + κπ)
β
2 ≈ (1 + ||π||S)β.
To assert that the established inequalities are sharp, we will show that there is
no slower decay pair (r, s) such that Fwr,s is bounded for the above cases.
This viewpoint is different from the spirit of [Theorem 2.10 ,[2]] or Theorem 4.8,
which requires finding an equivalence on a subclass. However, our approach is quite
natural since it is strongly related to Sobolev embedding theorem. For example,
Fw0,s : Lp(Td) → lp(Zd) is bounded if and only if Hsp(Td) ⊆ Lp
′
(Td) if and only if
H
ps
2−p (
1
q
− 1
r
)
q (Td) ⊆ Lr(Td) for all 1 < q < r < ∞, where Hsp is the Bessel potential
space. In this direction, we will provide a Sobolev embedding type interpretation
for results of this section in subsection 7.2.
In addition, this view has a definite advantage over looking for equivalence be-
cause we can cover much larger class.
Our first strategy is handling an ultracontractivity problem on C(G) with com-
pact Lie groups, C∗r (G) with polynomially growing discrete group. Actually ultra-
contractivity problem is strongly related to Sobolev embedding property [31].
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LetM be the von Neumann subalgebra generated by {χα}α∈Irr(G) in L∞(G) and
consider Lp(M) as the non-commutative Lp-space associated to the restriction of
the Haar state on M . Now suppose that l : Irr(G) → (0,∞) is a positive function
and there exist 1 < p < 2 and a universal constant C > 0 such that
(6.1) ||J(f) ∼
∑
α∈Irr(G)
1
l(α)
β
p
cαχα||Lp′(M) ≤ C||f ∼
∑
α∈Irr(G)
cαχα||Lp(M),
where J is a densely defined positive operator on L2(M) which maps χα 7→ 1
l(α)
β
p
χα
for all α ∈ Irr(G), 1 ≤ i, j ≤ nα. Indeed, J = K∗K where K : χα 7→ 1
l(α)
β
2p
χα.
Now take φ(t) := t
2β
2−p , ψ(z) := z
2β
2−p and L := J−
p
2β . Then [Theorem 1.1, [31]]
says that there exists a universal constant C′ > 0 such that
(6.2) ||e−tL(f) ∼
∑
α∈Irr(G)
cα
etl(α)
1
2
χα||L∞(M) ≤ C′
||f ||L1(M)
t
2β
2−p
.
for all 0 < t <∞ and all f ∼
∑
α∈Irr(G)
cαχα ∈ L1(M).
Our claim is that we get the following observations in the above situation:
(6.3) sup
0<t<∞
t 2β2−p ∑
α∈Irr(G)
n2α
etl(α)
1
2
 =: C <∞.
if G is given by C(G) with compact Lie group or C∗r (G) with polynomially growing
discrete group.
Lemma 6.2. ([Lemma 4.1, [8]] and [Proposition 5.7, [21]])
(1) Let G be a compact Lie group with dimension n. Then
∑
π∈Ĝ
n2π
(1 + κπ)
s
2
<∞
if and only if s > n.
(2) Let G be a finitely generated discrete group with polynomial growth rate k0.
Then
∑
g∈G
1
(1 + |g|)s <∞ if and only if s > k0.
Lemma 6.3. (1) Let G be a compact Lie group. Then there exist probability
measures {νt}t>0 such that ν̂t(π) =
1
etκpi
Idnpi for all π ∈ Ĝ. Moreover,
{νt}t>0 ⊆ L1(G).
(2) Let G be a compact Lie group and let f ∼
∑
π∈Ĝ
nπtr(f̂(π)π) ∈ L∞(G) such
that f̂(π) ≥ 0 for all π ∈ Ĝ. Then
||f ||L∞(G) =
∑
π∈Ĝ
nπtr(f̂(π)).
(3) Let G be a discrete group. Then A(G) has a bounded approximate identity
if and only if G is amenable. In this case, the bounded approximate identity
can be chosen as positive and compactly supported functions on G.
(4) If G is an amenable discrete group, we have that
||λ(f) ∼
∑
g∈G
f(g)λg||V N(G) =
∑
g∈G
f(g)
for any positive function f ∈ l1(G).
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Proof. (1) Since
∑
π∈Ĝ
n2π
etκpi
<∞ by Lemma 6.2, we know that νt ∈ A(G) ⊆ C(G) ⊆
L1(G). The family {νt}t>0 is called the Heat semigroup of measures.
(2) Since f 7→ µt ∗ f is a contractive map on L∞(G) for all t > 0 where ∗ is the
convolution product, we have
||f ||L∞(G) ≥ sup
t>0
||ft ∼
∑
π∈Ĝ
nπ
etκpi
tr(f̂(π)π)||C(G)
Here, since
∑
π
nπ
etκpi
tr(f̂(π)) ≤ ||f ||L1(G)
∑
π
n2π
etκpi
< ∞ by Lemma 6.2, the Fourier
series of ft uniformly converges to ft ∈ C(G). Therefore,
||f ||L∞(G) ≥ sup
t>0
ft(1) = sup
t>0
∑
π∈Ĝ
nπ
etκpi
tr(f̂(π)) =
∑
π∈Ĝ
nπtr(f̂(π)).
The other direction is trivial.
(3) See [Theorem 7.1.3, [23]] and its proof. We also may assume the compact
supportness by considering fǫ := f · χ{g∈G:f(g)>ǫ} for positive f ∈ l1(G).
(4) This is the Kesten’s condition that is equivalent to amenability. 
Now we can show that the claim is true.
Proposition 6.4. Let G be C(G) with compact Lie group or C∗r (G) with polyomially
growing discrete group. Also, suppose that the inequality (6.1) holds. Then
(6.4) sup
0<t<∞
t 2β2−p ∑
α∈Irr(G)
n2α
etl(α)
1
2
 =: C <∞.
Proof. (1) By Lemma 6.3,∑
π∈Ĝ
n2π
etl(π)
1
2
= sup
r>0
∑
π∈Ĝ
n2π
etl(π)
1
2 erκpi
= sup
r>0
||e−tL(νr)||L∞(G)
≤ C
′
t
2β
2−p
sup
r>0
||νr||L1(G) ≤
C′
t
2β
2−p
for all 0 < t <∞.
(2) There exists a bounded approximate identity (ei)i in A(G) that consists of
positive and compactly supported functions since polynomially growing discrete
group is always amenable. Then inequality (6.2) says that∑
g∈G
1
etl(g)
1
2
= sup
i
∑
g∈G
ei(g)
etl(g)
1
2
= sup
i
||
∑
g∈G
ei(g)
etl(g)
1
2
λg||C∗r (G) ≤
C′′
t
2β
2−p
since lim
i
ei(g) = 1 for all g ∈ G.

Proposition 6.4 allows us to extract an interesting quantitive observation.
Proposition 6.5. Let G be C(G) with compact Lie group or C∗r (G) with polyomially
growing discrete group. Also, suppose that the inequality (6.1) holds. Then we have
that
(6.5)
∑
α∈Irr(G)
n2α
l(α)
m
2
<∞ for all natural numbers m > 2β
2− p.
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Proof. Choose γ ∈ (max
{
2β
2−p ,m− 1
}
,m). Then we have
sup
0<t≤1
tγ ∑
α∈Irr(G)
n2α
etl(α)
1
2
 =: C0 <∞
from (6.4), so that ∫ 1
t
∑
α∈Irr(G)
n2α
exl(α)
1
2
dx ≤
∫ 1
t
1
xγ
dx
for all 0 < t ≤ 1.
This implies that
sup
0<t≤1
tγ−1 ∑
α∈Irr(G)
n2α
l(α)
1
2 etl(α)
1
2
 =: C1 <∞,
so that we can inductively see that
sup
0<t≤1
tγ−(m−1) ∑
α∈Irr(G)
n2α
l(α)
m−1
2 etl(α)
1
2
 =: Cm−1 <∞.
Then there exist D1, D2 > 0 such that∑
α∈Irr(G)
n2α
l(α)
m
2 etl(α)
1
2
≤ D1tm−γ +D2 for all 0 < t ≤ 1
via the same way.
Lastly, taking the limit t→ 0 completes this proof. 
Theorem 6.6. Let 1 < p ≤ 2.
(1) Let G be a compact Lie group with dimension n. Then
(
∑
π∈Ĝ
1
(1 + κπ)
s
2
nπ||f̂(π)||pSpnpi )
1
p . ||f ||Lp(G)
holds if and only if s ≥ n(2− p).
(2) Let G be a finitely generated discrete group with polynomial growth rate k0.
Then
(
∑
g∈G
1
(1 + |g|)s |f(g)|
p)
1
p . ||λ(f)||Lp(V N(G))
holds if and only if s ≥ k0(2− p).
(3) Let G be O+2 or S
+
4 . Then
(
∑
k≥0
1
(1 + k)s
nk||f̂(k)||pSp
k+1
)
1
p . ||f ||Lp(G)
holds if and only if s ≥ 3(2− p).
(4) Let G be O+N or S
+
N+2 with N ≥ 3. Then
(
∑
k≥0
1
r
(2−p)k
0 (1 + k)
s
nk||f̂(k)||pSpnk )
1
p . ||f ||Lp(G)
holds if and only if s ≥ 4− 2p, where r0 = N +
√
N2 − 4
2
.
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Proof. “If” parts are obtained from (1.3), (4.1), (4.4) and (4.5). To prove the
converse direction, firstly, define l(α) by (1) (1 + κπ)
1
2 and (2) 1 + |g| respectively.
Then the assumed inequality
(
∑
α∈Irr(G)
nα
l(α)s
||f̂(α)||p
S
p
nα
)
1
p . ||f ||Lp(G)
implies the inequality (6.1) for β = s. Then, by Proposition 6.5 and Lemma 6.2,
we get that (1) 2n ≤ 2β
2− p , (2) 2k0 ≤
2β
2− p respectively.
In (3) and (4), consider G as SU(2) if G = O+N and SO(3) if G = S
+
N+2 for each
cases. Also, denote by χ′k the character corresponding to χk for each cases. Define
l(k) := 1 + k.
Firstly, in (3), for each f ∼
∑
k≥0
ckχk ∈ Lp(G),
||
∑
k≥0
(1 + k)−
s
p ckχk||Lp′(G) ≤ (
∑
k≥0
1
(1 + k)s+p−2
|ck|p)
1
p
. ||f ||Lp(G) = ||f ′ ∼
∑
k≥0
ckχ
′
k||Lp(G).
by Proposition 4.7 and Hausdorff-Young inequality. On the other hand, in (4), for
each f ∼
∑
k≥0
ckχk ∈ Lp(G),
||
∑
k≥0
(1 + k)−
s+2−p
p ckχk||Lp′(G) ≤ (
∑
k≥0
1
(1 + k)s
|ck|p)
1
p
. ||f ||Lp(G) = ||f ′ ∼
∑
k≥0
ckχ
′
k||Lp(G)
by the similar way.
Now we can apply Proposition 6.5 and Lemma 6.2 for compact Lie groups again,
so that (3) s ≥ 6− 3p and (4) s− p+ 2 ≥ 6− 3p(⇔ s ≥ 4− 2p) respectively. 
7. Some remarks about Sidon sets, Sobolev embedding theorem and
quantum torus
As by-products of this study, we refer to an interesting lacunarity result for com-
pact quantum groups, and present a sobolev embedding theorem type interpretation
for C(G) with compact Lie group and for C∗r (G) with polynomially growing group.
Also, we show an explicit inequality on quantum torus Tdθ .
7.1. Sidon set on compact quantum groups. The study of Lacunarity, espe-
cially on Sidon sets, is one of the major subject in harmonic analysis, and recently
the notion has been extended to the setting of compact quantum groups [26].
Definition 7.1. Let G be a compact quantum group.
(1) A subset E ⊆ Irr(G) is called a Sidon set if there exists K > 0 such that
||f̂ ||
ℓ1(Ĝ) ≤ K||f ||L∞(G) for all f ∈ PolE(G),
where PolE(G) :=
{
f ∈ Pol(G) : f̂(α) = 0 for all α /∈ E
}
.
(2) A subset E ⊆ Irr(G) is called a central Sidon set if there exists K > 0 such
that
||f̂ ||
ℓ1(Ĝ) ≤ K||f ||L∞(G) for all f =
∑
α∈Irr(G)
cαχα ∈ PolE(G).
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Let G = (A,∆) be of Kac type and E ⊆ Irr(G) be a central sidon set. Then
[Proposition 6.4, [26]] implies that there exists µ ∈ M(G) = Cr(G)∗ such that
µ̂(α) = (µ((uαj,i)
∗))1≤i,j≤nα = Idnα for all α ∈ E. Since Pol(G) is dense in Cr(G),
Proposition 3.7 still holds for µ ∈M(G).
Now, if G satisfies the assumptions of Proposition 3.7 and if E ⊆ Irr(G) is a
central sidon set, then we get
∞ > sup
k≥0
(
∑
α∈Ek n
2
α)
1
2
(1 + k)β
≥ sup
k≥0
|Ek| 12 minα∈Ek nα
(1 + k)β
,
where Ek := {α ∈ E : |α| = k}.
Therefore, it can not happen simultaneously that |E| = ∞ and nα > r|α| ∀α ∈
Irr(G) with r > 1.
Remark 7.2. (1) The above argument shows that there is no an infinite (cen-
tral) Sidon set in U+N with N ≥ 3, which are not explained in [26].
(2) Shortly after this research, the author of [26] personally informed me another
simple idea to explain U+N cases. Under the identification Irr(U
+
N )
∼= F+2 , the
fact that
||χα||4 = (1 + |α|) 14 ∀α ∈ F+2
implies that there is no an infinite Λ(4) set, so that there is no an infinite
Sidon set on U+N with N ≥ 2.
7.2. Sobolev embedding properties. The contents of Section 6 can be inter-
preted in terms of Sobolev embeddings properties by [Theorem 1.1, [31]].
For C(G) with compact Lie group whose real dimension is n, the computations
in Section 6 says that
||(1−∆)− β2 (f) ∼
∑
π∈Ĝ
nπ
(1 + κπ)
β
2
tr(f̂(π)π)||Lp′ (G) . ||f ||Lp(G)
if and only if β ≥ n(2− p)
p
for each 1 < p ≤ 2. Moreover, it is equivalent to that
||(1−∆)− β2 ( 1p− 1q )(f)||Lq(G) . ||f ||Lp(G)
if and only if β ≥ n for each 1 < p < q < ∞. If we define the space Hsp(G) :={
f ∈ Lp(G) : (1 −∆) s2 (f) ∈ Lp(G)} as an analogue of Bessel potential space, then
the above result is interpreted as
(7.1) Hsp(G) ⊆ Lq(G) if and only if s ≥ n(
1
p
− 1
q
)
for each 1 < p < q <∞.
On the other hand, if G is a finitely generated discrete group with polynomial
growth rate k0, then we define infinitesimal generator L on C
∗
r (G) by λg 7→ −|g|λg
for all g ∈ G. Then we can derive the Sobolev embedding property of non-
commutative spaces Lp(V N(G)) as follows.
(7.2) ||(1 − L)−β( 1p− 1q )(λ(f))||Lq(V N(G)) . ||λ(f)||Lp(V N(G)) if and only if β ≥ k0
for each 1 < p < q <∞.
The reader may consider another natural infinitesimal generator L′ : λg 7→
−|g|2λg, but it does not make an essential difference in replacing (1 − L) with
(1− L′) 12 .
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7.3. Hardy-Littlewood inequality on Quantum torus. Quantum torus Tdθ is
a widely studied example of “quantum space”. In this case, we can establish Hardy-
Littlewood inequality for Tdθ , which is the same form as for T
d. A proof can be given
by repeating the proof of Theorem 3.1.
Remark 7.3. For a quantum torus Tdθ, for each 1 < p ≤ 2, we have that
(7.3) (
∑
m∈Zd
1
(1 + ||m||1)d(2−p)
|x̂(m)|p) 1p . ||x||Lp(Tdθ).
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